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responding to Fig. 3(c), one cannot deduce from them
enough further correct signs to produce Fig. 3(d).
Only a sharpening of the original maximum results,
and not its resolution into individual maxima, as is
shown in Fig. 3(e). Such considerations must be kept
in mind in any use of sign relations or phase relations
when the data are not sufficient to resolve individual
atoms.

I am grateful to my colleagues Dr F. H. Crick and

Dr M. M. Woolfson for the helpful advice they have
given in the course of discussions on this topic.
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New Calculations of Atomic Scattering Factors
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Mathematical Centre, Amsterdam, The Netherlands

AND B. O. LooprsTra¥*, CAROLINE H. MAcGILLAVRY AND A. L. VEENENDAAL
Laboratory for General and Inorganic Chemistry, University of Amsterdam, The Netherlands
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Scattering factors for twenty-three atoms have been calculated from Hartree and Hartree—Fock
radial wave functions. The results are compared with James & Brindley’s values and with those

recently obtained by other authors.

1

Since the calculations of scattering factors by James
& Brindley (1931) many new data on electron distribu-
tions in atoms, computed by the self-consistent field
method, have become available. The work of James
& Brindley (quoted as JB in the following) was some
years ago extended by Viervoll & Ogrim (1949), who
included electron distribution-data on Nat, K+ and
Cut* and extended the sin 6/4 range. Viervoll & Ogrim
were primarily interested in the f values at higher
sin 6/1; they therefore applied only wave functions
calculated without exchange, as the corrections for
exchange would presumably have only small effects
on the scattering factors in this region.

Recently, new values for scattering factors have
been calculated by: (@) McWeeny (1951) (McW), for
all atoms lighter than Na, from wave functions given
by Duncanson and Coulson; (b) Hoerni & Ibers (1954)
(HI) for C, N and O from newer available self-con-
sistent field data with exchange; (c) Henry (1954),
for Aut and Hgtt, from self-consistent field data
without exchange.

It is evident from comparison of the results of HI
and JB that the taking into account of exchange gives
effects which make the corresponding effects on cal-
culated structure factors outside the error limit for

* Now at J.E.N.E.R., Kjeller per Lillestrem, Norway.

structure determination by accurate modern methods.
Also, the interval in sin §/4 chosen by JB is rather
too large for suitable interpolation in the low sin 6/4
region.

In view of the preparation of Volume 3 of the new
edition of the International Tables for X-ray Crystal-
lography, it was decided to recalculate atomic scat-
tering factors from all the newest available seli-
consistent field data. This decision had, in fact, been
taken before we were aware of the work being done by
HI. We therefore included C, N and O in our com-
putations, which has the advantage of giving the f
values for these atoms at the same intervals as for the
other atoms, and, moreover, affords the possibility of
an extra check.

In this paper we give our results on all atoms, up to
Rb*, for which the required electron distributions are

availablet. We omitted H and He, however, for which

+ Besides the literature mentioned at the foot of Table 1,
we found references to calculations on Sc and Ti (Hancock,
1934), and on Ni (Gray & Manning, 1941). We were unable
to obtain the former; the latter is a short communication
without numerical data.

Manning & Goldberg (1938) gave data on Fe. These, how-
ever, are on a logarithmic scale of r, whereas the data for the
other atoms were on a linear r scale. It is therefore impossible
to handle the Fe atom in the same mechanical way as the
others. We are now computing the scattering factor of Fe
separately and we intend to report on it in due time.
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Li

sin 64 NSX!
0-00 3-000
0-05 2-710
0-10 2:215
0-15 1-904
0-20 1-741
0-25 1-627
0-30 1-512
0-35 1-394
0-40 1-269
0-50 1-032
0-60 0-823
0-70 0-650
0-80 0-513
0-90 0-404
1-00 0-320
1-10 0-255
1-20 0-205
1-30 0-164
Mg2+

sinf/2 NSX®
0-00 10-00
005 9-91
0-10 9-66
015 9-26
0-20 875
0-25 815
0-30 7-51
0-35 6-85
0-40 6-20
0-50 4-99
0-60 403
0-70 3-28
0-80 2-71
0-90 2-30
1-00 2-01
1-10 1-81
1-20 1-65
1-30 1-54
Cut

sin /2 NSX1s
0-00 28-00
0-05 27-67
0-10 26-71
015 25-30
0-20 2359
025 21-76
0-30 19-92
035 18-14
0-40 1650
0-50 13-66
0-60 11-45
0-70 9-80
0-80 8-61
0-90 775
1-00 712
1-10 6-64
1-20 6-24
1-30 5-89

Fock & Petrashen, 1935.
Hartree & Hartree, 1935
+ Jucys, 1947.

Hartree & Hartree, 1948

Brown, 1933.

NS: Electron densities calculated for the normal state.
VS: Electron densities calculated for the valence state.
X:

Be
NSX2
4-000
3:706
3-065
2-462
2:059
1-827
1-693
1-600
1-520
1-362
1-195
1-030
0-877
0-739
0-621
0-521
0-438
0-369

Al3+

NS®

10-00
9-93
9-72
9-38
8-94
8:42
7-85
7-26
6-65
5-51
4-53
3-72
3-10
262
2-27
2-01
1-82
1-68

Zn
NS18
30-00
29:30
27-63
25-67
23-74
21-88
20-11
18-41
16-83
14-05
11-84
10-15

8:90

7-99

7-32

6-81

6-40

6:04

: Hartree, Hartree & Swirles, 1939.

Table 1. Atomic scattering factors

The electron distribution has been calculated with exchange.

C
VSXxs
6-000
5764
5-141
4-362
3:612
3:003
2-538
2-212
1-983
1-707
1-548
1-423
1-313
1-202
1-096
0-992
0-896
0-802

Sis+
NSX0

10-00
9-95
979
9-54
9-20
879
8:33
7-83
7-31
6-26
5-28
4-42
3:71
3-13
2-68
2-33
2-06
1-86

Ga
NSIG
31-00
30-12
28-29
26-35
24-48
22-67
20-94
19-28
17:70
14-88
12-54
10-72
9:35
8-34
7-59
7-02
6-57
6-20

N
NSX*
7-000
6-781
6-203
5-420
4-600
3-856
3-241
2-760
2-397
1-944
1-698
1-550
1-444
1-350
1:263
1-175
1-083
1-005

Cl—
NSXxU
18-00
17-33
15-68
13-74
11-97
10-57
9-51
874
8-15
7-30
6-60
5-91
5-24
4-60
4-01
3-49
306
2-69

Ge
NS
32:00
30-98
28-91
26-95
25:09
23-31
21-67
20-08
18:53
15-71
13-29
11:34

9-85

8-71

7-86

7-24

6-74

6-35

(6]
NSX5
8-:000
7-796
7-250
6-482
5634
4-814
4-094
3-492
3-010
2-338
1-944
1-714
1-566
1-462
1-374
1-296
1-220
1-144

A
NSX12
18-00
17-54
16-30
14-65
12-93
11-42
10-20
9-25
8:54
7-56
6-86
6-23
5-61
5:01
4-43
3-90
3-43
3-03

As
NSIG
33-00
32-11
30-06
27-81
25-76
23-96
22-30
20-75
19-27
16-50
14-06
12-03
10-40

9-15

8:21

7-50

6-95

651

7: Hartree & Hartree, 1948.

8: Yost, 1940.

9: Hartree, 1935.
10: Hartree, Hartree & Manning, 1941c.
11: Hartree & Hartree, 1936a.
12: Hartree & Hartree, 1938b.

F

NS(X2p)

9-000
8:790
8-208
7-396
6-501
5-625
4-837
4-160
3-598
2-769
2-252
1-926
1-725
1-587
1-484
1-404
1-333
1-263

K+

NSX12

18-00
17-65
16-68
15-30
13-76
12-27
10-96
9-89
9-04
7-86
7-11
6-51
5-94
5-39
4-84
4-32
3-83
3-40

Rb+
NS®
36-00
35-35
33:61
31-28
28-85
26-61
24-68

13:
14:
15:
16:
17:

F- Ne
NS(X2p)8 NS(X2p)

10-000 10-000
9-630 9-812
8-733 9-295
7-656 8:546
6597 7-665
5643 6-768
4-820 5-905
4:129 5-128
3-566 4-454
2:751 3-403
2:237 2-692
1-921 2-234
1-723 1-934
1-583 1-737
1-485 1-601
1-406 1-496
1-334 1-418
1-264 1-345
Ca Cr2+
NSX13 NSu
20-00 22:00
19-09 21-65
17-33 20-67
15-73 19-27
14-32 17-67
12-98 16-04
11-71 14-50
10-59 13-10
9-64 11-87
826 9-93
7-38 8:60
6-75 7-69
6-21 7-06
570 6-56
5-19 6-13
4-69 5-72
4-21 5-31
377 4-91

Hartree & Hartree, 1938a.

Mooney, 1939.

Hartree & Hartree, 1936b.
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Na
NSX7?
11-00
10-56
9-76
9-02
8-34
7-62
6-89
6-16
5-47
4-29
3:40
2-76
2:31
2:00
1-78
1-63

1-52
1-44

Hartree, Hartree & Manning, 1941a.
Hartree, Hartree & Manning, 1941b.

33*
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Ll 1 1 \ 1

T
0 0-2 04 06

1 1
0-8 1-0 12

Sin /A

Fig. 1. Atomic scattering factors for Ne, F—, F, O, N and C, calculated by different authors.

[1: Hoerni & Ibers.

X : McWeeny. A: Viervoll & Ogrim. @: James & Brindley.

(O Our calculations.

Arrows 4, | indicate that the symbol coincides with the curve, but has been drawn off the curve to avoid crowding.

atoms we consider that McWeeny’s data are com-
pletely adequate. If necessary, the electron distribu-
tions were smoothed out spherically, as was also done
by HI.

A point of consideration has been the computation
for atoms in different states of ionization. The neces-

sary data are available only for Li and Lit+ (Fock &
Petrashen, 1935); O-, O, O+, O++ (Hartree, Hartree
& Swirles, 1939); F and F- (Brown, 1933); Na and
Na+ (Hartree & Hartree, 1948) and Ca and Ca*t+
(Hartree & Hartree, 1938a). These have all been
calculated with exchange. It has been realized (James,
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08 140 142

Sin /A
Fig. 2. Atomic scattering factors for Li and Be.

X : McWeeny. A: Viervoll & Ogrim. @:

1948; Bijvoet & Lonsdale, 1953), that the scattering
factor changes very little with the state of ionization,
except, of course, for very small values of sin 0/4.
We have checked and confirmed this for F and F-
(see Table 1). For the other atoms we have only com-
puted f for the normal state, unless data for this state
were not available.

2

The calculations have been performed on IBM ma-
chines in the Mathematical Centre, Amsterdam. Fol-
lowing JB, we have calculated the separate contribu-
tions of individual electron orbitals in order to be
able to investigate the possibility of interpolation to
the atoms omitted from our list. We will report on
this later. As intervals in sin 6/4 we have chosen:

0-00 (0-05) 0-40 (0-1) 1-30 A-1,

that is, to the end of the Mo K diffraction region.
Because of this choice of interval, our results are
directly comparable with the JB values.

The integrals

7l
S Pi(r) sin pr|urdr
0

James & Brindley. (: Our calculations.

where y = 4s sin §/A, were uniformly calculated:

(@) to the same upper limit 7, = 13ag, where ag
is the ‘atomic unit’, 0-52917 A,
(b) in the same steps r/ag=0 (0-005) 0-3 (0-05) 13-0.

For the latter purpose, the data from the literature
were interpolated to the required intervals.

The integrations were carried out according to
Simpson, following a procedure described in the report
MR 15 of the Mathematical Centre, Amsterdam.

The integrations were checked:

(@) by the normalizing integral
7l
S Pi(r)dr;
o
(b) by the integral
7
S Pi(r) 3 (sin p;r/psr)dr ,
0 1

where the sum extends over all values of y;, i.e.
of sin 0/4;

(¢) by performing all 2033 integrations twice, using
different counters and type-bars.

The data of Table 1 are given to three decimal places
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T T
0-2 04 06

T

Sin /A

I T
08 1:0 12

Fig. 3. Scattering factor for Cut.

O : Our calculations for Cut with exchange.

up to neon and to two decimal places for atoms of
higher atomic number; the last place, of course, does
not have any physical significance, but it facilitates
interpolation.

3

It is seen from Fig.1 that our results agree com-
pletely with those of HI. The agreement with
McWeeny’s values, although calculated from different
electron-distribution approximations, is in general very
good (Figs. 1 and 2) except for F and Ne.

A comparison with James & Brindley’s values
shows the following points:

(a) F-, Al3+ and Rb* have evidently been com-
puted from the same electron-distribution data.
The deviations are in general smaller than 19,

and so are insignificant.
(6) Li, O, F, Na, Si*+, CI- and K+: Apparently,

A: Viervoll & Ogrim for Cu without exchange.
@ : James & Brindley for Cu from Thomas—Fermi field.

()

different sets of electron-distribution data have
been used. The ones we used were all computed
taking exchange into account (in the case of F
only for the 2p-electrons). Except for Li (Fig.2),
the fit is much worse than in the former group,
differences going up to 109%; discrepancies are
particularly large for F and for O. This shows
the considerable influence of exchange on the
scattering factors.

Be, N, Ne, Mg*t and A have been computed
by JB by interpolation. The discrepancies with
our values are in general not larger than in the
former group. Again, the agreement is good for
Be, the lightest atom of the group (Fig. 2).

(d) Ca, Cr?t, Cut, Zn, Ga, Ge and As: For these

elements, JB gave only f values obtained from
Thomas-Fermi electron distributions. The agree-
ment of these values with ours is in general
worse than in the cases (b) and (c). (Ca2t, cal-
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culated by JB from Hartree wave functions
without exchange, fits our curve from sin 6/4 =
0:5 onwards.)

Finally, Fig. 3 gives a comparison between the scat-
tering factor of Cut, calculated by us from wave func-
tions with exchange, and that for Cu-calculated by
Viervoll & Ogrim without exchange. The discrepancies
are appreciable throughout the Cu K range. Likewise,
Viervoll & Ogrim’s values for Ca and Cr are consider-
ably smaller than ours at low sin /A values. It ap-
pears, therefore, that more calculations for moderately
heavy elements are very desirable.

We wish to thank the Directors of the Mathematical
Centre, Amsterdam, for their very helpful cooperation
and the Netherlands Organization for Pure Research
(Z. W. O.) for generous support. Our thanks are also
due to Prof. D. R. Hartree for stimulating advice and
for his interest in this work.
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A Generalized Treatment of Cold Work in Powder Patterns*

By B. E. WARREN
Massachusetts Institute of Technology, Cambridge, Massachusetts, U.S. 4.

(Received 14 February 1955)

Calculations of the effect of particle-size and cold-work distortion in the broadening of powder-
pattern lines have been simplified in several previous treatments by considering the reflections as
00l for orthorhombic axes. By a suitable transformation of variables and axes, it is possible to carry
through the calculation for the general hkl reflection for a crystal of any system. The general result
obtained is identical to that previously obtained with the simplifying assumptions. The result is
expressed in terms of particle-size and distortion Fourier coefficients which are obtained from the

experimental peak shapes.

1. Introduction

To develop a Fourier treatment of the broadening of
X-ray powder pattern lines by cold-work distortion,
Stokes & Wilson (1942, 1949) and Warren & Averbach
(1950) have assumed a transformation of axes such
that the reflection could be considered as 00! for

* Research sponsored by the U.S. Atomic Energy Commission.

orthorhombic axes. This simplifies considerably the
mathematical treatment, but for the general hkl re-
flection from ecrystals of low symmetry such a trans-
formation is not possible. Nevertheless, the result ob-
tained by this simplified treatment appears to be quite
general, suggesting that the transformation to ortho-
rhombic axes is not really necessary. It is the purpose
of this paper to give a generalized treatment for any



